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V. Klee has generalized the lower bound theorem of D. Barnette for polytope 
pairs. He has extensively studied polytope pairs. Here, two theorems for polytope 
pairs, which are analogous to those of Barnette and lead to more open problems for 
polytope pairs, are proved. Two theorems of Klee and two of Barnette are 
immediate corollaries of the theorems. c 1985 Academic Press, Inc. 
INTRODUCTION 
Klee [6] has introduced polytope pairs and has generalized the lower 
bound theorem of Barnette [2] for polytope pairs. He has also studied the 
upper bound theorem of P. M. McMullen for polytope pairs. 
He has proved 
IFcm G 2 + (d- 2) IF,(P) - FL (1) 
where (p, F) is a polytope pair of class (d, n, n - I); F,,(F) and F,(p) are 
the set of vertices of F and p, respectively; and I I denotes the Cardinality. 
I. Adler and A. Ulkucu have also proved the same result by cutting plane 
methods (see Adler [ 1 I). 
In the first section, we generalize Klee’s proof and show that IFo(F)l < 
2+(d-2)(F,(p)-F(-(n-u-l)(d-l)(d-2) (3<d<uu<n), where 
(p, F) is a polytope pair of class (4 n, u). 
Then in Section II, we study the equality case of (1) and show that 
equality obtains in (1) iff p is isomorphic to a truncation polytope. Finally 
we suggest some open problems related to these theorems. 
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NOTATIONS AND DEFINITIONS 
A simple d-polytope P is called a polytope of class (d, n), provided it has 
n facets. A pair (P, F) of polytopes is called a polytope pair of class (d, n, u) 
(3 d d < u < n), provided P is a polytope of class (d, n), and F is a facet of P 
which is a polytope of class (d- 1, u). The set of k-dimensional faces of the 
d-polytope P is denoted by F,(P), 0 d k d d- 1. 
A d-cell complex is a collection C of I-polytopes, - 1 < 1 Q d (called cells 
of C), such that (a) FE C and F, is a face of F imply F, E C; (b) F, and 
F2 E C implies F, n F2 is a face of both F, and F,. A d-cell complex is 
strongly connected if (c) every cell is contained in a d-cell; (d) given any 
two d-cells F, and F, there is a sequence of d-cells F,, F,,..., F,, such that 
Fi A Fi + , is a (d - 1 )-cell, I,< i ,< n - 1. By the graph of a polytope, we mean 
the graph formed by vertices and edges of the polytope. 
It is well known that the graph of a strongly connected d-cell complex is 
d-connected (see Sallee [lo]). Let C be a cell complex consisting of a 
collection of facets of a d-polytope P and their faces. An exterior vertex of 
C is a vertex in C such that not all edges incident with the vertex stay in C; 
otherwise the vertex is called an interior vertex. 
I. THE MAIN THEOREM 
The following theorem is a generalization of the upper bound theorem 
proved by Adler [l] and Klee [6], i.e., formula (1)). In the proof of the 
theorem we combine a lemma of Barnette [2] and the proof of Klee [6]. 
Then we obtain a few results of Klee [6, 71 by immediate application of 
the theorem. Theorems 1 and 2 are analogous to those of Barnette [2] for 
polytope pairs. 
THEOREM 1. Suppose (P, F) is a polytope pair of class (d, n, u) and let 
fo=IFO(F)l, k=IF,(P)-Fl, m=n-u-l. Then &<2+(d-2)k-m 
(d- l)(d- 2). 
ProoJ P has exactly m facets disjoint from F. Let C be the complex 
consisting of these facets and their faces. This is a strongly connected com- 
plex of dimension d - 1 (see Klee [6]). 
C has at least d exterior vertices, and by a lemma of Bar- 
nette [2] has at least (m - 1 )(d - 1) interior vertices. (*I 
Note that for m = 1 what follows will be true without using the Barnette 
lemma, so let m > 1. 
Now suppose G, is the graph consisting of vertices and edges of P mis- 
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sing F. Gr is a connected graph. We obtain G2 from G, by collapsing all 
vertices and edges of C to one vertex. Gz is also a connected graph. 
Let the vertices of G, be VI,..., Vk and let di be the degree of Vi, 
i = 1, 2 ,..., k, so 
fO= 2 (d-d;)=kd- i di. (**) 
i= 1 i= 1 
But 
i ,i di= IFl(G,)l= #of edges in G, 
r=l 
= If’,(Gdl+ IF,(C)1 2 IFdG,)I - 1 + IF,(C)1 
2 IFo(G,)l - 1+ If’dC)l + 
(m-l)(d-l)d+d(d-1) 
2 
-((m- l)(d- l)+d). 
Note that the last term is a lower bound for I F,-,(C)1 by (*), and by using 
the different degrees of exterior and interior vertices, we see that the term 
before the last one is a lower bound for (F,(C)(; moreover (F,(C) - F,(C)1 
is an increasing function of IF,(C) I. Therefore 
; ,i dja IF,(G,)I + IFO(C)I -2+m(d- :)(d-2). 
I= I 
But 
so 
k = If’dGdl + If’o(‘3l - 1. 
;,I? diPk-1+m(d-:)(d-2). I= 1 
By combining with (**) we getf,<2+(d-2)k-m(d-l)(d-2). 
The following corollary is the lower bound theorem of Barnette which 
also can be obtained by repeated application of the Barnette lemma. 
COROLLARY 1 (Barnette). For every simple d-polytope P 
If’dP)l 2 Cd- 1) IFd- ,U’)l - (d+ l)(d- 2). 
ProoJ: We can suppose the problem is true for F (by induction) and 
applying Theorem 1 gives the result. 1 
The following is a Minima Theorem of Klee [6], 
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COROLLARY 2. For the same P and F ?f Theorem 1, 
k>(n-u-2)(d-l)+u. 
Proof: By Theorem 1, k>,(n-u- l)(d- l)+(fo--2)/(d-2) (d23), 
and combining with Corollary 1 for F:f, B (d- 2) u - d(d- 3) gives the 
result. 1 
The following corollary is a lower bound theorem of Klee [7]. 
COROLLARY 3. For every line free simple d-polyhedron of class (d, n) 
with no bounded facet 
fo= IFO(P)I > JFd-,(P)I -d+ 1 =n-d+ 1. 
Proof: Every such polyhedron P is projectively equivalent to P-F 
where P is a polytope of class (d, n + 1) and F is of class (d - 1, n). Now 
apply Corollary 2 for P and F, yielding fO >, n - d + 1. 1 
The next theorem considers the “equality” case of Theorem 1 and it is 
analogous to Theorem 2 of Barnette [2] for polytope pairs. 
II. EQUALITY CASE FOR THEOREM 1 
THEOREM 2. In the upper bound formula of Theorem 1 equality obtains 
iff P is isomorphic to a truncation d-polytope. 
Proof If P is isomorphic to a truncation polytope then so is F. 
Therefore, in Barnette’s lower bound theorem, equality holds for both P 
and F, cancelling u between the two equalities gives the result. 
Conversely, suppose fO = 2 + (d - 2) k - m(d - l)(d - 2). We can assume 
none of the facets intersecting F are isomorphic to simplexes for otherwise 
we could collapse (by pulling it out, and convenient perturbation) the sim- 
plex into one vertex of F, and obtain the pair (P’, F) of the class (d, n - 1, 
u-l) and (F,(F)(=f,-(d-2) and IF,,(P’)--F’I=k-1, so the above 
equality is still true. If P is not isomorphic to a truncation polytope by 
repeating this process we get to a polytope pair such that P does not have 
such a facet. 
So each vertex in P - F has at most d - 2 neighbors in F, i.e., di > 2, (dz?s 
are degrees of vertices in G,) (i= 1,2,..., k). Therefore for the graph Gz, 
IFI ) IF,(G,)( - 1 (since G2 cannot be a tree). This implies f&2 + 
(d- 2) k-m(d- l)(d- 2) (see the proof of Theorem l), which is a con- 
tradiction. 1 
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COROLLARY 4. In Corollaries 1 and 2 of Theorem 1 equality holds only 
for polytopes isomorphic to a truncation polytope. 
Finally we present questions, related to Theorem 1, for further research. 
C. Lee [S] has characterized all f-vectors of simple polytopes, which 
should help answer the following questions: Does Corollary 1 imply 
Theorem I? What are the corresponding upper bounds for IF,(P)1 1 <k 6 
d- 2? What is the relation between these upper bounds and the generalized 
lower bound theorem of McMullen? (See Lee [S] and McMullen [9].) 
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